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0(4,2) Operator Replacements: Geometrical
Interpretation

E. de Prunelé!
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The method of 0(4,2) operator replacements relies upon a particular realization
of the 0(4,2) Lie algebra in terms of position and momentum operators, involving
a free dimensionless parameter B. The geometrical significance of the operator
replacements is given. The momentum space becomes a three-dimensional sphere
of radius (exp(B)]/2 (atomic units) embedded in a four-dimensional Euclidean
space. A much simpler realization of the replaced operators is obtained.

1. INTRODUCTION

The recently introduced method of o(4,2) operator replacements (de
Prunelé, 1992) is aimed at solving the Schrodinger equation. This equation
is replaced by another equation involving a free dimensionless parameter B.
For finite 8 values, the replaced equation can be studied using only a discrete
representation of 0(4,2). The solutions of the replaced equation are expected
to converge to the solutions of the initial Schrédinger equation when B —
+o. This method appears to be particularly attractive for studying the three-
body Coulomb problem since the energies appear as analytical functions of
exp(B). An analytical continuation from the exactly solvable limit § —» —
to the physical limit 3 — +c has been performed recently for the triplet S
lowest energy of helium (Ivanov and de Prunelé, 1994). This provides a
purely nonvariational approach. The present paper is mainly devoted to a
better understanding of the method by emphasizing the geometrical aspects.
The simplicity of the realization of the operator replacements obtained in
this paper [equations (2.30)—(2.35), (2.14)-(2.17), (2.24), (2.12)] should be
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contrasted with the complexity of the initial realization [equations (1.18)—
(1.23), (1.1)—(1.7D].

The method of ¢(4,2) operator replacements can be briefly summarized
as follows. The starting point is the following realization of the 0(4,2) algebra
in terms of the position and momentum operators (see, .g., Barut and Kleinert,
1967; Fronsdal, 1967; Nambu, 1967):

a(B) = exp(~R)rp* — P(r-p)] — Jexp(B) r (1.1)
l=rXxp (1.2)
L=rp,=r'p—1i (1.3)

b(B) = a(B) + exp(B)r (14)
g=rmp (1.5)

1(B) = rlexp(—B)p* — exp(p)}2 (1.6)

t(B) = rlexp(—B)p* + exp(B))/2 (1.7)

Atomic units are used. It is clear that we have an 0(4,2) Lie algebra if
the commutation relations are written as

i[Mpun Mpcr] = gvau.O' + gp.anp - gvchu.p - gp.vacr (1.8)
with the diagonal g matrix defined by

81l = 822 =833 = 8aa = —&s5 = —8es — 1 (1.9)

and the correspondence between the antisymmetric matrix M,,, and the opera-
tors of equations (1.1)—(1.7) given by

1 2 3 4 5 6
0 L =L a b g

1
2 0 U4 a b, g
M,, =3 0 a by g (1.10)
4 0 5 ¢
5 0 4
6 0

with p the index of rows and v the index of columns. The dependence on
the dimensionless parameter B corresponds to a similarity transformation.
Specifically, if u(p) is any one among the 15 generators,

u(B) = exp(ipry) u(0) exp(—iPt) (1.11)

Given a Hamiltonian H which can be expressed in terms of the operators r,
p. L, r/r, r, p?, and p,, one considers an alternative Hamiltonian H(B) which
is obtained from H by the following 0(4,2) operator replacements:
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r — 2 exp(—R)rs(B) (1.12)
r — —2 exp(—B)a(B) (1.13)
2P e (1.14)
e""fﬁ) [5'®)n(B) + 1] (1.15)
== ' BbE) (1.16)
,~ 220 i@y, (1.17)

It is clear that the replacements can be done in several ways. For example,
the result is different if one starts from p? or from p- p. The physical results,
corresponding to the limit where § — +oo, are, however, expected to be
identical. In practice, the choices are determined by the criterion of simplicity.
Simplicity means here that the replaced operators should be as diagonal as
possible in the basis introduced in Section 2. A more symmetric form of
these replacements, which leads to Hermitian operators with respect to the
1/r scalar product, is obtained if in the replaced Schrodinger equation [H((3)
— E(B)]I1¥(B)) = 0, | ¥(B)) is changed into ./5;(B) I ¥(B)) and, accordingly,
H(B) is changed into H'(B) = /t&:(B)H(B)//t:(B). The symmetric form of
the 0(4,2) operator replacements is thus

r— 2 exp(—B):(B) = APB) (1.18)
r — —2 exp(—B)a(B) = f(B) (1.19)
exp(B) 1 L
) 1.20)
PR Jr3<— - e (
. exp(2B) [ 1 ] = 1.21)

(1.22)

st(B) b®) Jt 3(!3) ( )(B)
exp®) 1 L=} 1.23)
pr= 2 \/t3(B) & \/ts(B) PP (

The tilde denote replaced operators. [For typographical convenience, we have
written (¥/r)(B) in equation (1.22) in place of the more correct but cumbersome
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notation (r/7)(B). This will be retained in the sequel.] The operator replace-
ments given by equations (1.12)—(1.15) or (1.18)—(1.21) were proposed
recently (de Prunelé, 1992). The replacements given by equations (1.16)—
(1.17) or (1.22)-(1.23) are new. The explicit choices of the operator replace-
ments are motivated first by the requirement that the spectra of the replaced
operators “‘converge” in some sense to the spectra of the original operators
in the limit § — +oo. The two spectra can, however, be different. For example,
the spectrum of 7() is a pure point spectrum with eigenvalues 2 exp(—)n
(n integer greater than or equal to one), and the spectrum of r, which is
continuous, is the positive real line. It is clear, however, that in the limit
B — +o every point of the real line can be approached arbitrarily closely
by an eigenvalue of (). It is conjectured that, when the initial operator is
the sum of a kinetic part and a potential part, the two spectra are identical.
This has been proved for the case of an atomic hydrogenic Hamiltonian and
verified numerically for some eigenvalues of the helium atom (de Prunelé,
1992). The second motivation is that numerous commutation relations remain
unchanged for all B values. This can be seen by comparing the following
two matrices, whose j, k entry is the commutator of the operators at the
beginning of line j and top of column k (The calculation of all these commuta-
tors is laborious, but relies only upon the basic commutators [r;, p,] = 8,
[rj, rd = [p;» pid = O):

A e rdr Dk r p D-

L | ieMy ieMr, ieMrfr ieMp, 0 0 0

r; 0 0 i 0 2ip; irir
rilr 0 * 0 = 0 (1.24)
pi 0 —irfr 0 *

r 0 2ip, i

p’ 0

Pr 0
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-~ -
[/ ~ p = ~
* n(PB) (.r:‘)(a) B e Pi(B) PAB)
iy, oL ing -
4 ie'll; ie™F(B) wl”( )(ﬂ) ieMpB) 0 0 0
-~ 2 2- i 2 Y 2~ 0 ~ v
r(B) (;) e, (:) 5,1[7r iﬁ,‘[l -3 pz(B)] 2ip,(B) i(i\(ﬂ)
< ~ "/

; . f2V~ .
(E)o ° (HECES ;

-~ 0 0 »
7 (B) —i(
! ,( r )(B)

AP a 2p B} i[l - %F’(B)]

@) 0 )

B \_ ° _J
(1.25)

with z = exp(). Those commutators that cannot be expressed as a linear
combination of the operators lying at the top or left of the matrices are
represented by a star. One notices in particular that the components of
(7Ir)(B) commute, which motivates the choice of the replacement (1.22) in
place of the replacement

r
B - - a(B)

Jt 3(B) Ja(ﬁ)
which could appear more natural in view of equations (1.18), (1.19) but
whose components do not commute.

An essential point to be emphasized first is that the operator replacements
break the symmetry between configuration space and momentum space.
Indeed, whereas it is meaningful to speak of replaced momentum space
because the operators pj(B) commute, one cannot ascribe to the operators

(B) a configuration space in the usual sense, because the do not commute.

Comparison of matrix (1.25) with the matrix (1.24) also shows that in
most cases the commutation relations given by the matrix (1.24) are exactly
preserved by the matrix (1.25). One observes also a so-called group contrac-
tion (Inonu and Wigner, 1953): the o(4) algebra spanned by 1, F(8) [matrix



1302 de Prunelé

(1.25)] contracts as B — +o to the algebra of the group of displacements
in momentum space spanned by 1, r [matrix (1.24)].

The main purpose of the present paper is to give a geometrical interpreta-
tion of the replaced operators. This is done in Section 2. The equivalent
form of the operator replacements obtained in equations (2.30)—(2.35) below
appears to be simpler than the original form [equations (1.18)—(1.23)] and
some of the properties of the replaced operators thus appear to be transparent.
The essential result is that the momentum space becomes a compact space,
specifically a three-dimensional sphere of radius [exp(3)]/2 in a four-dimen-
sional Euclidean space. A distinction from Fock’s treatment of the hydrogen
atom (Fock, 1935) should be noticed. Fock used the stereographic projection
of the three-dimensional Euclidean momentum space onto a hypersphere as
an energy-dependent change of variables. In the present approach, the points
of the hypersphere are the points of the replaced momentum space.

This paper has three appendices. The spectral properties of the replaced
kinetic operator are determined in Appendix A. Appendix B illustrates
how the operator replacements yield the correct result for the matrix
elements between r and p in the limit where B — +c. Finally, Appendix
C is not properly concerned with the operator replacements, but rather
with the geometrical interpretation of some of the building blocks of the
replaced operators: it is shown that the exponential of an arbitrary element
of the Lie algebra o(4, 1) spanned by r = exp(—B)}b(B) — a(B)l, |, r,
a(P) acts on a dimensionless function f(p) as the exponential of a generator
of a conformal transformation would act on a function f(p) which has
the dimension of [momentum]~2. It is of course well known that r =
b(0) — a(0), 1, r, are related to the generators of translations, rotations,
and global scale changes in momentum space. The geometric significance
of a(0) seems to be less well known. One usually attributes to a(0) a
geometrical significance by noting that it corresponds to the reduced Runge
Lenz vector for the ground state of the hydrogen atom. The geometrical
interpretation is then obtained by using a Fock change of variables (Fock,
1935), i.e., an energy-dependent stereographic projection, and a(0) appears
to be related to the generators of rotations in the planes containing the
fourth dimension. We believe that it is also useful to give a purely
geometrical interpretation, as done in Appendix A, without any reference
to the hydrogenic Hamiltonian.

2. THE REPLACED OPERATORS: THE MOMENTUM SPACE
AS A THREE-DIMENSIONAL SPHERE EMBEDDED IN A
FOUR-DIMENSIONAL SPACE

The 15 operators given by equations (1.1)—(1.7) acting in the Hilbert
space spanned by the so-called Sturmian functions realize a discrete unitary
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irreducible representation of O(4, 2) (see, e.g., Adams et al., 1988). Each
vector of this orthonormal basis of Sturmian functions is characterized by
three integers, | =n <o, 0=</=<n— 1, —! < m =/, and the real number
B, which characterizes the length scale. We consider an abstract separable
Hilbert space spanned by the orthonormal basis In, [, m, B). The vectors of
this Hilbert space are the vectors |W(B)) = 3., ,,, Cosm!n, I, m, B) for which
21m! Cagm| > converges. It is clear that the action of any B-dependent generator
in the B-dependent basis is in fact B independent, since, corresponding to
the similarity transformation of equation (1.11), one has In, I, m, B) =
exp(iBr) In, I, m). Thus we shall now suppress the B dependence in both
the generators and basis vectors. The 15 generators of o(4, 2) [equations
(1.1)=(1.7)] can be defined equivalently by the following equations (see, e.g.,
Adams et al., 1988):

Loln, L my = o(xm, Din, L, m = 1) 2.0
teln, L, m) = c(l, 2n)ln * 1,1, m) 2.2)
asln, I, m) = [(l — m)(l + m)1"d}in, [ — 1, m)

+[d-—m+ DU+ m+ D)) 0n 1+ 1,m) (2.3)

with
ca by=[b+a+ 1)b— a)”? 2.4)
dp = [(n® = B4 — 1)) 2.5)
Us = u) * iy, (2.6)

and from the commutation relations given by equations (1.8)—(1.10). In
particular, one notices that the basis vectors are eigenvectors of #; with
eigenvalues n:

tln, I, m)y = nin, I, m) .7)

From now, on we take the viewpoint that the above actions of the
generators [equations (2.1)—(2.3)] together with the commutation relations
[equations (1.8)—1.10)] define these generators. This viewpoint corresponds
to the numerical applications performed (de Prunelé, 1992; Ivanov and de
Prunelé, 1994) for the helium atom. The remaining part of this section
relies only upon the definitions given by equations (2.1)—(2.6) and equations
(1.8)—(1.10). Thus, in this section, we ignore completely the explicit expres-
sion of the replaced operator in terms of r and p and study the replaced
problem per se: We start from an abstract separable Hilbert space defined
by the orthonormal basis | n, [, m) and operators defined in this Hilbert space
by their action in this basis.
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The spectral properties of the operator [see equation (1.21)]

~ _ eXP(2I3')

P (X, + 1] (2.8)

with

1 1
X =—4H—= 2.
1 ’_t3 t r—t3 (2.9)

are studied in Appendix A. It is shown that X, is bounded, has norm unity,
and that its spectrum comprises_only a continuous spectrum consisting of
the interval [—1, 1]. Therefore p? is bounded, has norm exp(2p), and has
only a continuous spectrum consisting of the interval [0, exp(2f3)]. As p? is
bounded (for finite B values), it is natural to look for a compact momentum
space, a surface of a four-dimensional space.

We consider a four-dimensional Euclidean space, with orthonormal coor-
dinates 7, = 7, p = 1-4, and realize the o(4) algebra by rotations in the
six planes associated with this coordinate system:

. d
I = —ieMm, o (2.10)
. d a\ _ expB) ~
aj = —l(ﬂjﬁ — My 51;) = —T rj (2.11)

Latin indices run from 1 to 3. It is well known (see, e.g., Vilenkin and
Khmyk 1993) that a complete system of functions on the sphere 28 ('n'u)2
= 1 is provided by the following orthonormal functions:

12
—_ — !

Pram = (=201 [n (”(n+l)'l)] (2.12)

X CLth_\(cos(85)) sin'(Bs) J4mYT(8,, 6))

172
m _ mam LM + D 1L+ 1) (I = m)!

Y78z 60 = G2 Ry [ 4 (I + m)!]

X CPt12(cos(0,)) sin™(0,) exp(im6,) (2.13)

with C the Gegenbauer polynomials defined by (1 — 2&x + x)™* =
_o Ch(1)x" and the spherical coordinates defined by

T, = sin(0,) sin(6,) cos(9;) 2.14)
T, = sin(0;) sin(0,) sin(0,) (2.15)
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T3 = sin(0;) cos(6,) (2.16)
T4 = cos(63) 2.17)

with0 = 6; <2, 0 =< 6, = m, k = 2, 3. The orthonormality condition reads

1 J’Z‘n Jﬂ .
-~ del Sln(ez) d92
27t |, 0

X J Sin2(93) de3 P ', ' Prtm = 8nn'sll’amm’ (218)
0

Equations (2.10), (2.11) give

e i 8,0

il zexp(_zel)[tan(ez) _661 * —692 (2.19)
in(6,

iay = —cos(8,) > + 202 0 (2.20)

693 ta.n(93) 802

The choice for the phase convention in equations (2.12), (2.13) is consistent
with those of equations (2.1), (2.3):

Le@nim = c(Zm, Dppym=) (2.21)
a3QPptm = [(l - m)(l + m)lllzdy‘Pn,I—l.m
F = m A DA m ot D@ (222)

Moreover (Vilenkin and Klimyk, 1993)

_ 1 c(l, —n) c(l, n)
005(03)‘Pn,l.m ) [ n(n — l) Prn—1.tm + n(n + l) ‘Pn+l,l,m:| (223)

Comparing equation (2.23) with equations (2.2), (2.7), (2.9), one deduces

that X, [equation (2.9)] can be identified with cos(85) if the action of ¢; on
the basis functions is defined according to equation (2.7) by

t3(pn.l.m = n@,1m (224)

Equation (2.24) is in fact a consequence of equations (2.19), (2.20) since
the definitions (1.1), (1.2), (1.7) lead to the relation 5 = ara+1-1+1and
since the functions ¢, , satisfy the differential equation (Vilenkin and Kli-
myk, 1993) [a:a + 11 + 1]@.m = n’@u.n The explicit form of this
differential equation is given by equation (2.36) below. From equation (2.8)
one obtains
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(28) 6\’
~ ex
p’(B) = __[)2_ [! + cos(83)] = [exp(B) cos(f)]
Now, the commutation relations [see equation (1.25)] 2ip;(B) =

1 = j = 3, and equations (2.11) and (2.25) yield

~ exp(PB) d d _exp(B)

P72 [“fﬁ‘ Momie LT ‘"4] T W
with the m; defined by equations (2.14)—(2.17).

From the relation
exp(iots) Lt L exp(—iat) = L [cos(a) t
puals \/;3- 1 \/t_3 p 3 \/g [
. 1
— sin(a) 8] —=
Jh
one further deduces
p.(B) = Z2E) iy cos(oy)
Finally, from the commutation [see equation (1.25)]
r: ~
one obtains
;; — v N3
" B) = (=)B3m(D)

de Prunelé

(2.25)

[r;, p2l,

(2.26)

(2.27)

(2.28)

2.29)

One should not be surprised that the right-hand side of equation (2.29) does
not exhibit an explicit B dependence since this dependence does not appear
in 3 as explained at the beginning of this section, and as will be further

discussed for a specific example at the end of this section.

To summarize, it has been shown that the operator replacements given
by equations (1.18)—(1.23) are equivalent to the following (j = 1, 2, 3):

r— 2 exp(—B) t3 = AP)

r; — 2i exp(— B)( ,864 174%)55(3)

(2.30)

(2.31)
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pi—o—5 Xp ®) m = p;(B) (2.32)
p’ > %—) (1 + m) = pB) (2.33)
7 (—ipm (0 = ( %)(B) | (2.34)
pr = BB i iy = p @) (2.35)

with 7r; defined by equations (2.14)—(2.17) and ¢; defined by equation (2.24).
A simple expression for #; in terms of the angles 6; seems difficult to
obtain. From the differential equation (Vilenkin and Klimyk 1993)
2 L
[d L2 d

d0} ' tan(0;) d8;  sin%(8;) n ]“pn.l,m (2.36)

one has

> 2 d I
l% . I:dO% tan(93) d93 Sin2(63)] (2 37)

The geometrical interpretation of the operator replacements is now clear:
The three-dimensional Euclidean momentum space is replaced by a three-
dimensional sphere of a four-dimensional Euclidean space, with radius
[exp(B)]/2. The replaced coordinate operators [equation (2.31)] are the genera-
tors of rotations in the planes containing the fourth dimension. The first three
Cartesian coordinates of a point of this sphere correspond to the replaced
momentum coordinates. The fourth one is related to the replaced square
momentum through equation (2.33). From the relations

2
xp(B) . n(e3)]

(2.38)

AN .
[CXP(B) cos(g)] = pXB) # F;(BF(B) = [

one sees that the usual relation between the kinetic energy and the momentum
is not satisfied. For finite momenta, this relation is, however, satisfied in the
physical limit where 8 — +. In this limit, equation (2.33) shows indeed
that 8; must go to m in order that the kinetic term remain finite. Thus, for
0; = m — €, one has, to second order in €,
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2
R R I . 4
More specifically, in the limit of infinite radius of the sphere, a neighborhood
of finite volume of the point characterized by 8; = w becomes indistinguish-
able from a neighborhood of this point belonging to the plane tangent at this
point to the sphere and thus the Euclidean geometry is recovered.

Several properties of the replaced operators are transparent from the
realization given by equations (2.30)-(2.35). For example, the components
of the replaced momentum [equation (2.32)] and of the replaced radial
momentum [equation (2.35)] have a norm equal to [exp()]/2. The replaced
square momentum operator {equation (2.33)] has a norm equal to exp(2B),
as shown previously (Appendix A), and the components of the replaced
coordinates position unit vector [equation (2.34)] have a norm equal to unity.

Some other properties, however, are not immediate. For example, we
believe it is instructive to give the reasons that the scalar product

s=3 (%)(B)(L;)(B) = (—i)" sin’(83) (i)
J

should act as the unit operator when 8 — +. Let {(8;) be a function
describing a particle with finite mean value of kinetic energy. Then, as
explained above, this function should concentrate in a near vicinity of the
direction 6; =  as § — +oo, It is clear that S can be considered to act as
the unit operator on this function if it can be shown that the function
(1)(9;) is concentrated in a near vicinity of the direction 6; = w/2. We
briefly sketch the qualitative arguments. For the sake of definiteness, we
suppose that the function {(0;) belongs to a subspace of fixed values of /,
m. It is then proportional [see equation (2.12)] to the function

£(8:) = Y c,f(3)

n

with

(n—101-1)

172
(n + D! ] Citi-1(cos(85)) sin'(8;)

Ja(83) = ["
For 03 = m —e, € > 0 arbitrarily small, the f, functions alternate in sign
according to the parity of n. Thus the sign of the coefficients c, should also
alternate, as n increases by unit steps, if constructive interferences occur in
the vicinity of 6; = w (for simplicity we assume that the ¢, are real). Let us
now consider the function
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(i)3f(8;) = g (= Dfeafo(03) + i(— 1 cpri fore1(83)

One sees that the constructive interferences of i(6,) at the point 8; = 7 are
converted into destructive interferences for the function (i)3y(9;) at the same
point. At the point 8; = m/2, the functions f, present successively, as n
increases by unit steps, a zero, a maximum, a zero (with an alternating slope),
and a minimum. From these considerations one can infer that the destructive
interferences of the function s(6,) at this point are converted into constructive
interferences for the function (/)*{s(6,) in the vicinity of the same point. The
reason that the conversion of destructive into constructive interferences should
not occur in regions different from a neighborhood of 6; = 71/2 is that the
point 6; = /2 is the only fixed point (with respect to n) for which If, | has
an extremum [except of course the points 65 = 0, 1r; since f,(05) is of constant
sign (with respect to n) near the point 8; = 0, it is seen that (/)*{)(6;) also
presents destructive interferences near this point]. The qualitative discussion
above does not pretend to rigor, but illustrates that a proper comprehension
of the new realization of operator replacements may require the explicit form
of the basis functions [equation (2.12)].

3. CONCLUDING REMARKS

The correspondence between initial operators and replaced operators
induces a correspondence between initial vectors and replaced vectors: the
eigenvectors of commuting initial operators are replaced by the eigenvectors
of commuting replaced operators. This is illustrated in Appendix B for the
improper eigenvectors of kinetic energy in a subspace of fixed angular
momentum and for the improper eigenvectors of r in the same subspace.

An important property of the o(4, 2) operator replacement method is
that the replaced kinetic operator can then be expressed as exp(2$) multiplied
by a bounded operator. For the nonrelativistic helium Hamiltonian, the
replaced kinetic term is dominated, in the limit where § — —, by the
replaced potential energy term. Hence the problem becomes exactly solvable
in this limit because a basis which diagonalizes these replaced potential
energy terms can be determined (for the singlet S symmetry, some eigenvalues
of the replaced potential energy are infinite and therefore the present method
is not directly applicable) (Ivanov and de Prunelé, 1994). Then perturbation
expansion with respect to the nondiagonal part of the replaced kinetic operator
can be carried out. It is the above-mentioned boundness properties that ensure
(Rellich, 1969; Kato, 1984) a nonzero radius of convergence for the Rayleigh
Schrodinger series in power of exp(3), and thus allow analytic continuation
from the limit § — —o to the physical limit B — + to be performed
(Ivanov and de Prunelé, 1994).
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Concerning the equivalence of the spectrum of an initial Hamiltonian
with the limit of the spectrum of the replaced Hamiltonian when B — +oo,
the present situation is the following: The equivalence is proved for an initial
hydrogenic Hamiltonian by solving explicitly the replaced equation for every
B value (de Prunelé, 1992). The eigenvalues are

) fexp(B) ~ Vexp2) + (227

and thus tend to the hydrogemc ones, (—1/2)(Z/n)* (Z the nuclear charge)
when B — +o. The replacements used for that case are given by equations
(1.18) and (1.21). The numerical results obtained by de Prunelé (1992) and
Ivanov and de Prunelé (1994) indicate that this equivalence should be true
for a two-electron atomic Hamiltonian. (The generalization of the method to
the particular case of singlet S symmetry is now in progress.) The replacements
used for that case are given by equations (1.18), (1.19), and (1.21). More
accurate numerical results would allow one to depart from the infinite-nuclear-
mass approximation and thus the replacement (1.20) could also be tested.
The determination of the necessary and sufficient conditions to be satisfied
by the initial Hamiltonian for the equivalence between the two spectra is an
open problem.

An essential property of the method of operator replacements is that
the replaced momentum space becomes compact, specifically a sphere. The
expansion of an arbitrary square-integrable function on this space, which is
equivalent to SO(4)/SO(3) as a homogeneous space, involves therefore only
discrete summation over spherical functions. Such a discrete summation is
the analog of the Fourier integral in the Euclidean case. This illustrates a
connection arising between compact momentum space and the existence of
a fundamental length scale. In the present model, this connection is given
by equation (B.5a). An interesting question is whether such a kind of connec-
tion has something to do with the description of the real world at a more
fundamental level.

APPENDIX A. SPECTRAL PROPERTIES OF THE REPLACED
KINETIC ENERGY OPERATOR

Equation (2.8) shows that the replaced kinetic energy operator p%/(2m)
is simply related to the operator X, defined by equation (2.9). This appendix
is devoted to the study of the spectral properties of the operator X

_ Ao 1
X= o ﬁ;z(ﬁ’*@*ﬁz f) 2 e T XTAD

1
1= 5 O+ 11D (A2)
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1.0 = sup X, @y

As the operators #;, j = 1, 2, 3, all commute with the angular momentum
operator I, one can work in a subspace spanned by the vectors |n, I, m) with
fixed I, m values. We then introduce the notations k =n — | — |, e, = In
=k + [+ 1,1, m). Now, if v = 22 e, with 25, 1v.|2 = 1, one has
".X.,,V"2 = 220:0 ,Vk(lklz with

3 e,k + 1+ 1)
N T o Ty (A4)
and c(a, b) defined by equation (2.4). The relation
20 + 1
(o) = (y-1)? = ¢+l (A.5)

k+1—-—NDk+Dk+!1+1])

shows that o is an increasing sequence for / # 0 and a constant sequence
for | = 0. Moreover, lim;_, o = 1, and thus || X,]| = 1. One shows by the
same method that ||X_|| = 1. Therefore || X,|| = 1. To show that the norm is
equal to unity, one considers the sequence of vectors x; of norm unity, x; =
( + )2 3 e; we have

1 2

%

X xl12 = 4G+ D) 2} O—1€k—1 + Oers
1
= m (xj_|ej_| + alej + (ij_|€2j + azj€2j+]
2j—1 2
+ D (o + o ye
k=j+1
1 2j—1 l 2j-1
> — oy + o 12> —— 2012
4(./+l)k=12'+l £ 4(,+1),¢=,2.+l -t
1 i—1
> — 4112 = |a;l?
,4(j+1)k=,2,. % A

Thus lim;_,..||X,x;}|> = 1 and therefore the norm of X, is equal to unity. [One
shows by the same method that the norm of X, = (l/\/%)tz( ll/t;) is also
equal to unity.] This allows us to conclude (see, e.g., Roman, 1975) that the
spectrum lies inside a circle of radius unity. Taking into account both
boundness and Hermitian properties, one deduces (see, e.g., Roman, 1975)
in particular that the spectrum must belong to the real axis, and that the
residual spectrum is empty. To determine further the spectrum in the interval
[—1, +1], it is most convenient to make the connection with orthogonal
polynomials. For that we first suppose that there exists one eigenvector of
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X\, to be denoted |x, [, m), with eigenvalue x: X,l|x, [, m) = xlx, [, m).
Inserting the expansion

lx, Lmy =" Pi_,_y(x)In, I, m) (A.6)

n={+1]

into the eigenvalue equation, one obtains the following three-term recursion
relation for the coefficients Pi(x):

by Pi-1(x) — xP(x) + by Psi(x) = 0 (A7)
with

Equation (A.7) together with the convention Pj(x) = 1 uniquely determine
the polynomials {Pi(x)} since b_, = 0.

It is known (see, e.g., Dombrowski, 1990) that if b, > 0, there exists a
measure p. with respect to which the polynomials {P,} are orthogonal. More-
over, if % (1/b;) = o, the measure is unique. This measure also gives the
spectral measure of the operator X;. Finally, as the sequence b, is monotone
increasing and converges to 1/2, it can be deduced (Dombrowski, 1990) that
there is no eigenvalue in the interval {[—1, 1] which must be in the spectrum.
It remains to determine the measure. This can be done most simply by
comparing the three-term recursion relation (A.7) with the known recursion
relations of the Gegenbauer (also called ultraspherical) polynomials. One
obtains

172
oo e+ niee+r+ )" L,
Pix) [ 4+ Dk + 20+ 1) ] G (A9)

The following orthonormalization condition holds:
1
j ke COPX)f(x) dx = By (A.10)
=1

with

L pue (L DX

fi) = Q@+ 1

(1 — )+ (A.11)

To summarize, the spectrum of X, consists only of a continuous spectrum
and is the interval [—1, 1]. The expression of X, in term of its associated
spectral resolution of the identity is X, = [ x dE(x) with the j, k matrix
element of E given by
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A
Ej(\) = j Pix)Pi(x)fi(x) dx
-1

One has both the generalized orthogonality and closure relations
8(x — x")
fix)

1
1 = J dx fi(x)lx, I, m)x, I, ml (A.13)
-1

G Lmlx, ,m) = (A.12)

which hold inside a subspace with /, m fixed, and for —]1 = x = I.

APPENDIX B. CORRESPONDENCE BETWEEN MATRIX
ELEMENTS

This appendix shows by explicit calculation that the quantum result

(i L omip, I, my = i Ji+102(rp)
Jrp

with J the regular Bessel function as defined by Abramowitz and Stegun
(1965), is preserved by the method of o(4,2) operator replacement in the
limit where § — +. Equation (B.1) corresponds to the following choice
of normalization for the improper eigenvectors of r, p in a subspace with
fixed [, m:

(B.1)

1 = r" r2drir, l, m¥r, I, ml (B.2a)
0

1 = Jw p*dp ip, I, m)}p, |, m| (B.2b)
0

(rnl,mr',l,my= 8_(rr—2_r') (B.3a)

(p, L, mlp', I, m) = B(Lp—zﬂ (B.3b)

From equations (1.21) and (A.6), one has the correspondence between
the elements of the spectra:

p*= —CXPQZB) (x+1) (B.42)

Comparison of equation (B.3b) with equation (A.12) gives
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5 00 1”2
<« A
Ip, I, m) > i exp(B) [ ) ] (x, [, m) (B.4b)

The arbitrary phase factor i is introduced for future convenience. In the same
way, from equations (1.18) and (2.7), one has the correspondence

=2exp(—B)n (B.5a)
This equation illustrates that for finite B values, the continuous variation of
r is replaced by a discrete one, namely by steps of 2 exp(— ). Comparison
of equation (B.2a) with the closure relation 1 = Z;_,.| In, [, m)Xn, [, m| gives

n

w2,
lr, I, m) = (—1)’“_"(%@)) —In, I, m) (B.5b)

The phase factor (— 1)!*'~" has been introduced in order to correspond to
the phase convention in equation (B.1), as will be seen in equation (B.11)
below. Relations (B.4) and (B.5) allow us to study the replacement of the
scalar product given by equation (B.1), especially in the physical limit where
B — +o. As r and p are considered to be fixed, equations (B.4a) and (B.5a)
can be used to eliminate 3, leading to a relation between x, p, r, n:

2
_ 1 {rp
_ 1+2(n) (B.6)

Equation (B.5a) shows that n is determined by r, 3. We shall now take n as
independent variable and the limit of infinite B becomes equivalent to the
limit of infinite n. From equations (B.4), (B.5), and (A.6)

(r, 1, mip, I, my — i{(—= 1)+~ "[f’( )] P .( 1+ 1(”)) (B.7)
rpn 2\n

From the relations between Jacobi and Gegenbauer polynomials (see, e.g.,
Abramowitz and Stegun, 1965)

o)l + n + 1/2)
I'Ca + n)l'(a + 1/2)

Pﬁ—I/Z.a—l/2(Z) = C2) (B.8)

and from the relations (Abramowitz and Stegun, 1965)

Ci(2) = (—1)'Cy(—2) (B.9)
lim — P::»B<1 - %) = (Z) Jo(%) (B.10)
n—e N 2n X

one finally obtains after some calculation
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- 1 2 2
lim i[(_l)[.H_,,I:fl( 1 + Z(FP/n) )] P,, . |< 1+ l (m))

n—o rpn 2\n

J
_ 1+172(rp) (B.11)

Jro

APPENDIX C. RELATION WITH CONFORMAL
TRANSFORMATIONS IN THREE-
DIMENSIONAL MOMENTUM SPACE

The geometrical interpretation of the ten operators 1, t,, a(0), b(0) span-
ning an o(4,1) Lie algebra requires first that we recall some facts about
conformal transformations [equations (C.1)-(C.23) below]. [We consider
here first the case 8 = 0, since the case of arbitrary 8 is easily deduced
equation (1.11).] A conformal transformation is a transformation which pre-
serves angles. A formulation of this property can be given within the general
mathematical framework of pseudo-Riemannian manifolds M, M’ with met-
rics G, G’ (see, e.g., Todorov, 1986). Briefly, the differentiable mapping ¢
from M to M’ is conformal if the corresponding tangent map d¢> preserves
the angles. If p’ is a coordinate basis in a neighborhood of a point P of M,

this means
3 d
( ¢( ) d¢( ) n(p)c;(a ,,ap,) C.1)

if p'* = ¢'(P) denotes a coordinate basis of the image &(P) of the point P,

one has
Yy
do 9\ - a_P__ﬁl_
op' ap' ap"
and therefore
ap ap a d d
s QPG| —, — C.2
ap' ap/ G(c?p”‘ op"t ) ® (3‘ 3P’) ©2

The positive function Q*(P) is called the conformal factor. In the simplest
case to be considered here, the manifold is flat and can be covered by a
single orthonormal coordinate system p',

3 9
9\ =g, C.3
G(ap‘ ’ apf) G ©3)

The G;; form a diagonal matrice of order n,
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_ 1 if ISiSp
G""—{—l if p+l=<i=n €4

The conformal transformations in such an n-dimensional pseudo-Euclid-
ean space M, G(p, q) (p + g = n) can conveniently be constructed by
considering the orthogonal transformations in a (n + 2)-dimensional pseudo-
Euclidean space M, %6(p + 1, g + 1) according to the following procedure (see,
e.g., Murai, 1954; Kastrup, 1962; Todorov, 1986). An orthogonal coordinate
system of M will be denoted by n*,

3 8\ _
(g<a—n°‘ ) 61][3) = Guﬁ (C5)
and

Gurvm+ny = 1 = —Gragm+2) (C.6)

We take the convention that Greek indices vary between 1 and n + 2, Latin
indices between | and n. The equations

n = kp' (C.7)
=21 - ppl) (C8)
"' = 2 (L + pp) (C9)

define, for arbitrary given values of k, p', a point of a cone through the origin
of the space M:

Gepn®™nP =0 (C.10)

One can easily compute from equations (A3.7)—(A3.9) the value of the metric
% of M on the image by the tangent map of the partial derivatives with
respect to p’, p/, the other p* and k being fixed:

am* anP a 9
M Mg O 9 ) = 26, ,
ap' op’ (671"’ GTIB) < (@b

Thus, for arbitrary fixed value of k, equations (C.7)—(C.9) define a conformal
mapping from the space M into the cone of the space M. An orthogonal
transformation in the space M is now introduced:

' = AgnP (C.12)

with the orthogonality conditions
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G‘!B = AZ.A%G-yB (Cl3)

The orthogonality conditions ensure that the point P’ of coordinates m'®
satisfies equation (C.10), i.e., also belongs to the cone passing through the
origin of the space /M. Therefore equations (C.12), (C.7)—(C.9) in turn
uniquely determine new values k', p’* (i = 1 to n) which also satisfy equa-
tion (C.11):

'™ an'P d d
- - (g s = '? i .14
ap' op'/ (an’“ an"’) <O ©19

The explicit expression of p'! in terms of the p/ is

— plp. .1+ pip,
:(K—(A‘pl P AL TP g, — p’) (C.15a)
with
= {[AF + AP + [AREL + ARSI - plpp2
+ [ARE) + AV + plppi2) ! (C.15b)

Comparing equations (C.11) and (C.14), one deduces that the transforma-
tion described by equations (C.15a), (C.15b) is conformal. The conformal
factor is given by (k/x')% From now on, only the three-dimensional Euclidean
case (n = 3, G;; = Gy = G;33 = 1) will be considered. Nevertheless, the
covariant (contravariant) characters and the summation convention will be
maintained for the sake of generality and convenience.

The relation between conformal transformations and the operators 1, #,
a(0), b(0) spanning an o(4,1) algebra originates from the consideration of
infinitesimal conformal transformations:

p'i = p' + eKi(p) + O(e?) (C.16)
Qp) = 1 + ef(p) + O(e) (C.17)

Inserting the above equations into equation (C.1), one obtains the following
solutions (see, e.g., Todorov, 1986):
K =1+ ojp/ + 8p' — 2x/p;p' + X'p;p’ (C.18)

with 0 = —w/ (for the present case of Euclidean space, upper and lower
components are equal). An arbitrary function F(p) therefore satisfies, to first
order in €,
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F(p') = F(p) + eqF(p) (C.19)
q =19 - ée{"w}lk + 8d + xk; (C.20)

where [, is defined by equation (1.2), e denotes the completely antisymmetric
tensor with ¢'2 = [, and

o= €21
k; = p*'pid; — 2pd (C.23)

The generators 3, 1, d, k are the generators of translations, rotations, global
scale change, and special conformal transformations, respectively. The corres-
ponding infinitesimal generators in the space /M are easily found [see equations
(C.)—(C9)] to be

LjS - Lj4 for 61
Lj5 + LJ4 for kj
L54 for d

where L, = m, d/0n” — m, d/dm*. The relations between the operators of
equations (1.1)—(1.4) and the conformal generators are therefore

—it,=d +2 (C.24)
—iaf0) = L[—9; + (k; — 4p))] (C.25)
—ib{0) = 1[9; + (k; — 4p)] (C.26)

and of course 1 belongs to both groups. The occurrence of the terms 2 in
equation (C.24) and 4p; in equations (C.25) and (C.26) does not allow us to
interpret these operators as generators of conformal transformations. It is
seen, however, that if one changes d into d + 2 and simultaneously k into
k — 4p [see equation (C.23)], then d becomes —it,, %(—aj + k;) becomes
—iaj(O),%(aj + k;) becomes —ib,(0), whereas I remains unchanged. (It should
be noticed that the commutation relations are not only invariant under the
change d into d + 2, but under any changes 4 into d + ¢, where ¢ is any
number.) As d is the generator of global change of scale, this suggests that
the operator

exp(—i8{7/[b{0) — a,(0)] + teffwily + 81, + X/[b,(0) + a(0)]})
= exp[0(g + 28 — 4xp)]
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acts on a dimensionless function F(p) as the conformal transformation
exp{0g} would act on a function with dimension {momentum] ~2. Specifically,
one expects that

2
{exp[0(q + 28 — 4xp)]F}(p) = (5) F(p") (C.27)

where p’, k/k’ are given by equations (C.15a), (C.15b) with the matrix A
corresponding to the orthogonal transformation in M space associated with
the operators of conformal transformation exp{6q} in Euclidean three-dimen-
sional space. In order to emphasize the dependence with respect to the real
variable 8, we shall write p(8) in place of p’ in the following.

Equation (C.27) is the essential result of this appendix. Proof of equation
(C.27) amounts to proving that

exp[0(g + 28 — 4x/p)] exp{—0q} = (k/k')? (C.28)

The left-hand side of this equation, to be denoted £(0), satisfies the differen-
tial equation

d¥(0 . .

—% = exp[0(g + 28 — 4x'p)] 2(d — 2xp,) exp{—0Oq} (C.29)

= £(6)2[d — 2x/p(8)]

Now the right-hand side of equation (C.28), the conformal factor, can be
expressed according to equation (C.2) as

2 3 P 2
K ap*(0)
—| = Q%08) = [——] C.30
(K’) ©) IZI ap’(0) ( )
with arbitrary j value between | and 3. Using the relation [see equation (C.18)]
ap (0 ) . .
) .k + @) + 85 + XPIORAO) — AR OH®) (C3D)

one deduces after a simple calculation that

dQ0*(0)

0 0%(8)2[8 — 2x’p;(0)] (C32)

Thus both members of equation (C.28) satisfy the same first-order differential
equation, and, since they are obviously equal for 8 = 0, equation (C.28)
is proved.

Equation (C.27) will now be illustrated for the simple case where g
[equation (C.20)] is simply equal to k;, — 9,. One obtains
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{exp[—iBa,(0)]F}(p)

2P cos(®) — (1 — plp)sin(®) p2  p? )
= D 'F [} )
(D(p)] ( D(p) D(p)’ D(p)

= [D(p)]*F(p") (C.33)
D(p) = p' sin(8) + 3(1 — p/p)) cos(8) + 5(1 + pp)  (C.34)

The case of arbitrary value of B is then easily deduced from equation (1.11)
and the relation

{exp(iBry) F}(p) = exp(—2B) F(exp(—B)p) (C.35)
Specifically,

{exp[—ifa,(B)] F}(p)
= {exp(iBry) exp[—i6a,(0)} exp(—ift)} F}(p)
= exp(—2P) {exp[—i8a,(0) exp(—iB1,)] F}lexp(—P) p]
= [D(exp(—B) p)l *{exp[—B(2 + itz)] F}[exp(—B) p']
so that finally

{exp[—iBa,(B)] F}(p)
= [D(exp(—B)p)]~*

F(p' cos(8) — +[exp(B) — exp(—B)p/p;] sin(8)
D(exp(—B)p) '

P’ P’
, C.36
D(exp(—B)p) D(CXP(—B)P)) (€39

In particular, one verifies from equation (C.36) that, in the limit § — +oo,
the replacement given by equation (1.19) for r corresponds indeed to the
transiation operator in momentum space:

Blitl'nm{exp[i'rZ exp(—B) ai(B)IF}(p) = F(p' + 7, p%, p*) (C.37)

ACKNOWLEDGMENTS

I thank Dr. I. A. Ivanov for helpful discussions and Dr. G. Spiess for a
careful reading of the manuscript.



0(4,2) Operator Replacements 1321

REFERENCES

Abramowitz, M., and Stegun, I. A. (1965). Handbook of Mathematical Functions, Sth ed.,
Dover, New York.

Adams, B. G., Cizek, J., and Paldus, J. (1988). Advances in Quantum Chemistry, 19, 1,

Barut, A. O., and Kleinert, H. (1967). Physical Review, 156, 1541.

de Pruneié, E. (1992). Physical Review A, 45, 2757; Erratum, Physical Review A, 46,1703 (1992).

Dombrowski, J. (1990). In Orthogonal Polynomials: Theory and Practice, P. Nevai, ed., Kluwer,
Dordrecht, pp. 147-161.

Fock, V. (1935). Zeitschrift fiir Physik, 98, 145.

Fronsdal, C. (1967). Physical Review, 156, 1665.

Inonu, E., and Wigner, E. P. (1953). Proceedings of the National Academy of Science of the
USA, 39, 510.

Ivanov, I. A., and de Prunelé, E. (1994). Physical Review A, 49, 184.

Kastrup, H. A. (1962). Annulen der Physik, 7, 388.

Kato, T. (1984). Perturbation Theory for Linear Operators, Springer-Verlag, Berlin.

Murai, Y. (1954). Progress of Theoretical Physics, 11, 441.

Nambu, Y. (1967). In Proceeding of the International Conference on Particles and Fields, C.
R. Hagen, G. Guralnik, and V. A. Mathur, eds., Interscience, New York, p. 348 [reprinted
in Dynamical Groups and Spectrum Generating Algebras, A. Bohm, Y. Ne'eman, and A.
O. Barut, eds., World Scientific, Singapore (1988). p. 437].

Rellich, F. (1969). Perturbation Theory of Eigenvalue Problems, Gordon and Breach, New York.

Roman, P. (1975). Some Modern Mathematics for Physicists and Other Outsiders, Vol. 2,
Pergamon Press, New York.

Todorov, I. T. (1986). In Conformal Description of Spinning Particles, A. Borsellino, P. Budinich,
G. Parisi, D. W. Sciama, W. Thirring, and E. Tosatti, eds., Springer-Verlag, Berlin.
Vilenkin, N. Ja., and Klimyk, A. U. (1993). In Representation of Lie Groups and Special

Functions, Vol. 2, M. Hazewinkel, ed., Kluver, Dordrecht, pp. 147-161.



